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The former papers of this series have been mainly occupied with cases
where no genotype was completely eliminated, though some were fitter
than others. The main earlier work dealing with the case where certain
genotypes were wholly prevented from breeding, is that of ZirxLE (1926).
He considers selection in random mating populations where the characters
are determined by a number of unlinked genes, all present in equal pro-
portions. This case has assumed a special importance in experimental work
where a cross is made between pure lines. Thus L1rTLE and his colleagues
have investigated the susceptibility of mice to tumor transplantation. A
tumor can be transplanted into any individual carrying each of k dominant
genes, where k varies between 2 and 12 or more (CLoupMan 1932). There
are only two phenotypes, susceptible and immune. If either of these is
bred from in any generation to the exclusion of the other it is clear that in
any generation the ratio of dominant to recessive genes will be the same in
all the k loci, apart from differences due to the smallness of the sample.
This is so however the population is derived, whether it is an F», a back-
cross or some later derivative. In consequence, as ZIRKLE pointed out, we
can fix our attention on one of the k gene pairs, and any statement made
about it is true for each other pair.

HaLpANE (1926) has already dealt with the case where all the genes
concerned are not present in equal numbers. This case, though important
for evolution and eugenics, is relatively intractable. ZIRKLE’S analysis,
though accurate and valuable, can be enormously simplified. Further he
confines himself to random mating populations, and a geneticist desiring
to fix a character would probably employ inbreeding. Hence certain theo-
rems on inbreeding combined with selection will be proved. Again thereis a
close analogy between the populations considered and autopolyploid popu-
lations.

In each case we shall consider a population derived from an F, ob-
tained by mating two pure lines, though many results can be extended to
other populations. These latter are marked by an asterisk. The results are
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given for very large populations, but they may be regarded as giving
probabilities for smaller populations, provided that these are not so small
as to entail appreciable inbreeding where mating is supposed to be at ran-
dom. We shall suppose that all genes are autosomal and unlinked. By the
expression ‘“‘multiple dominant” is meant a zygote containing at least one
of each of the k dominant genes, by “multiple recessive’ a zygote con-
taining none of them.

SELECTION OF MULTIPLE DOMINANTS; RANDOM MATING

This case is very simple for the following reason. A zygote is eliminated
if it is recessive for any gene. The probability of this being the case is the
same whatever other genes are present. Each of the k genes 4, B, C,—
must be present in a multiple dominant. Since mating is at random the
genotypes in F, are in the ratios

un2dA:2u,da:1aa

and so for the other genes. The effect of eliminating all recessives for any
gene will be to remove all aa zygotes, and some of the 44 and 4a. These
latter are eliminated in equal proportions, as 4 is not linked with any of
the other genes concerned. The survivors are in the ratio

u,44:24a,
giving gametes in the ratio

(un+1)4:1a
whence
un+1 =Un +1

just as when one gene only is concerned, and
Up =Uoe-+n

so that the'proportion of multiple dominants in F, is

1 k
D=|1— ————j . 1.1%
[ (ug+n+1)2] ( )
But in F;, us=1, whence u,=n—1, and
Dn=(1—-n~2)k_ (1.2)

This is equivalent to ZIRKLE’S formula of p. 562 but simpler. For ex-
ample if k =8, Dy=(1—1)% or .1001, Ds= (1 —1/25)% or .7218.

RELATION BETWEEN GAMETES OF SUCCESSIVE GENERATIONS OF A RANDOM
MATING POPULATION, WITHOUT SELECTION

Before solving the next two problems an expression must be found for
this relationship. Let F, be formed from gametes such that the proportion
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of each type of gamete carrying r dominants is g,. There are ,C, types of
gamete carrying r dominants, each present in equal numbers. Hence

k
chrgr =1.

r=0

Let Z(i, j) be the proportion in F, of eack type of zygote homozygous

for i dominant and j recessive genes. Clearly k>i4j>0, and there are
k!

—————— or «C; ;C; different types of such zygote, so that

iljlk—i—j)

k k—i

22 xCi 20niCy 23, §) =1.

i=0 i=0
It also follows that such a zygote can be made up in x_; ;C, ways from
gametes carrying (i+r) and (k —j—r) dominants, so that

k—i—j

Z(i? j) = Zk*i—-icrgi+rgk—j—r . (2 . 1*)
r=0

Sucha zygote produces gametescontaining fromi to k —j{inclusive)domi-

. . . . . L1\
nant genes in proportions which are terms in the expansion of <T> .

That is to say it contributes to one type of gamete carrying m dominants
a proportion 2k, . .C,,_; of its gametes. So if gm! be the proportion of
each type of gamete carrying m dominants produced by F,, we have, since
there are ,C; _;C; types of zygote in the proportion Z(i, j) and C, types
of gamete in the proportion g1,

1 m k—m

gm Z Zzl+]~kk i—j Cm i kC1 k—i C Z(li J)
ka i=0 j=0
=2k 221 C; ZZJ k—mC Z(l, ]) (22*)
j=0
k—m k—i-j
=2k 221 Ci 222 4-mCi 2 okmiciCrBivrBrmivr

j=0 r=0
This expression can readily be altered if any classes of zygote are re-
moved by selection.
ELIMINATION OF MULTIPLE DOMINANTS, RANDOM MATING

The classes of zygotes eliminated are recessive for none of the genes,
that is to say in the expression for Z(i, j), j=0. Hence the proportion of
dominantsin F, is
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Da= 354G Z(G, 0) (3.1%

i=0

and the gametes of the survivors, which form F,.i, are given by the ex-
pression

k—m

27k 22‘ Ci Z 2j 1-mCi Z(3, )
1= i=0 . 3.2%
gnm 1—Dn (3.2%)

Further in the gametes of F,, every g, =27% and in all later generations
gk=0' '

For purposes of calculation it is desirable to write out the necessary
formulae for each Z(i, j) from equation (2.1). These number 3(k+1)
(k+2). They can then be substituted in equations (3.1) and (3.2). For
example if k =6 we obtain 28 such expressions as

Z(2, 0) =2g:gs+8g:g5+6g.°.
Whence

D, =2g¢—g¢*+6g5(2g:1+ 1082+ 20g;+20g 4+ 5g5)
+30g4(g2+4gs+3g4) +20g;*

gl = [g0(8g0+-48g1+60g:+40gs+15g,+3g5)

1
8(1-D,)
+15g(4g1+8g2+4gs+g4) +15g:(3g.+2g5) |

g11= [go(16g1 +40g2+40g3+20g4+5g5)

1
16(1—-D,)
+g1(56g: +200g,+160g;+65g,+10gs) +10g2(14g:+17gs+4g ) +30g?]

2! ~1i-D [go(2g2+4g3+3g4+g5) +21(2g,+20g,+28g:+17g,+4gs)
+22(29g, +62g;+28g,+4gs) +12g:(2g:+g4) |
1
gst =m [go(4gs+6gs+3gs) +32:(4g,+16g5+17g,+6g5)
+622(7g:+31gs+24g,+6g5) +283(71gs+ 7884+ 12g5) + 24842
1
gd =m~)- [go(gatgs) +21(48s+13g4+8gs) +g2(3g2+ 3485+ 568+ 24gs)
+8g5(6gs+13g4+4gs) +8g8:(5g+2gs) |
1
gs' =m [gogs+5g1(gs+2gs) +10ge(gs +4gs+4gs)

+10g3(3g3+12g4+8g5) +80g4(g4+g5) + 16g52] .
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Hence D, =~ 1006 .1780, and, among the gametes forming F;
63 _ 02 60 _ 56 48 32 0
8735367 873361 B 7s361 8733677 B 33617 BT aser BT
1,416,512 .
whence Dy =——————=.1249, and D, and subsequent terms can easily
11,336,689

be calculated.

ZIrRXLE has given the requisite expressions for k =2, 3, 4, and carried out
the calculations. In the case of k=2 the composition of each generation
may be represented by a single parameter. BENNETT (1924) has solved the
equation

1
Sn+l=Sn+1— S y (3‘3)
which arises if we represent the gametes forming F, by
1 1 Sn - 1
Ab, aB, ab,
Sa+1 Sa+1 Sut+1
(where S3=5/2).
Here
2
TS
and
+C=S+log (Sa ) Fr o> 13
=On 0 n— - - -
" & 25, 3S2 3653 2408
(3.4)
193 047
1800S,%  7560S.°
where C =.64018855-—. An alternative solution is as follows:—
Let the gametes forming F, be:—
X —1 X —1 1
Ab, aB, —ab.
2Xn 2Xn Xn
Then
b (xa—1)2 _Xa +1 1
" 2x.2 a1 = 2 2xn
" (ram1)?
Xp—
AXn =ZXn41—Xpn = — an .
. . . —k(xa—1)?
This is a particular case of the equation Ax,=—————— solved by

Xn
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HALDANE (1932) in another connection. It was shown that for x>1, as in
this case, a very approximate solution is

Ca 1 log xn +1—k1 ( Xy >
n= l oge| — ).
k1) Tlog(1-k) "k 8

Herek =4%,so
2 log x, Xq
n=C+ -~ ~+log. ( )

x,—1 log?2 X, —1

: 2 log (1-+/2D,) 1
=C 4/ — —log. D,,. 3.5*
+ D, + log 2 2 o8 ( )

It was shown that this equation has an error of about 1 percent in the
neighbourhood of x, =2, and is much more accurate for smaller values. It
may be used to solve such problems as the following: “How many genera-
tions of selection are needed to reduce the proportion of double dominants
to 1 percent?” In Fj, the first generation for which the equation (3.5)
holds, we substitute n =3, D,=2/9, and find C*=.833. Substituting this
value, and D, =.01, we find n=12.005. Hence the value is very nearly
reached in Fys.

ELIMINATION OF A MULTIPLE RECESSIVE, RANDOM MATING

Under any type of mating, selection of a multiple recessive is of course
complete in one generation. To derive the equations for the case where the
single genotype recessive for all k genes is eliminated we have only to note
that the proportion of multiple recessives Z(0, k) of equation (2.2) is
R.=g,* and the relation between gametes of successive generations is

m k—-m
(1=Ru)gu'=2">2i ,C; 221 1_nC; Z(i, j), when m=0, and
-~ = (4.1%

k-1
(1=R,)get =2"53"2i ,.C; Z(0, j).
=0
ZIRKLE has tabulated values of R, for 2=2, 3, and 4; and higher values
of k are not known to occur. If k =2, and p. =g, q. =g1, I'a =go we have, as
he points out
_Pa +3(qn® ~Ppars)

pn+l =

1—r,2
q =qn _%(qn2 _'Pnrn)
n+1 1 — rn2
In—In2+3(qo® —Duln)
I'npj= .

1—r,2
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Putting qn+1, =2,, we find

Zp— T2
Iny1=
1—r,?
1
7(rn +Zn2) "—rnz *
Inp1 =—TT 4.2 )
—1n
Rn+1 = rn2 .

Whence calculation is easy, since z,=%, r,=3%. For large values of n,
I, approximates to z,% and Az, to —z,*, whence n =constant +3 z73, ap-
proximately, and R, approximates to (3n+c)—43.

SELECTION OF DOMINANTS IN AN AUTOTETRAPLOID, RANDOM MATING

This case is included here owing to its close similarity to the last. It is
assumed that double reduction (HALDANE 1930) does not occur. Let the
gametes forming F, be in the ratios p,44 :2q. Aa:r.aa, where p,+2qa+rs
=1. The recessives, which are eliminated, occur in F, in the proportion
R, =r,?% and—

_Pnt3(qn’ —Pals)

Pot1= 1—r.2
9 —§(qa” —Pala)
Q1= 1—r,?
I'n—Tn?+3(qu? —Pals)
Iny1= 1—r,2 :
Putting z, =q.+1., we have
Zn—Tp?
Zo1 = 1—-r,?
1 2y . 2
o= 3(""?_2’;“)2 i (5.1
R,=r,2.

As above, when n is large, R, approximates to (3n+c)~%3. Starting with
an F; between homozygotes, we find the following percentage values of
R, in successive generations:—0, 2.7, 4.0, 3.671, 6.432, 2.623, 2.003,
1.644. . . . It will be seen that the values oscillate at first, as they do when
there is no selection, reaching a maximum in F.

SELECTION OF MULTIPLE DOMINANTS: SELF-FERTILIZATION

A self-fertilized population consists of lines of one individual per genera-
tion. Selection does not alter the character of these lines, but only their



ARTIFICIAL SELECTION 419

relative proportions. If there is no selection F,_, consists of zygotes in the
ratios (22-1—2) A4:4 Aa:(2*'—2)aa, and similarly for the other genes.
Now (if we confine our attention to 4 and a) all the aa zygotes are elimi-
nated. But as all their descendants in later generations are also aa, the
composition of F, is unaltered if we postpone our selection till F,_i. The
parents of F,, after selection, are thus in the ratio

(2»1—2)AA4:44a,

n—1

1
and F, consists of (2»~'—1)4A4:24a:1aa or —2:1% AA and Aa. Hence

the proportion of multiple dominants in F, is

1 k
=) . 5.1
b (1-73) =

Comparing this with (1 —n—?)* of equation (1.2) we see that from F; to
F; inclusive the multiple dominants are fewer than in the case of random
mating, but from F; onwards more numerous. This is because the rapid
elimination of heterozygotes causes a large number of recessives to appear
in the first few generations. The final population consists of homozygous
multiple dominants.

ELIMINATION OF MULTIPLE DOMINANTS; SELF-FERTILIZATION

This case is extremely simple. Elimination is complete in one genera-
tion. For clearly no multiple dominant can appear save in the progeny of
a zygote carrying all the requisite genes, that is, itself a multiple dominant.
But the end result is quite different from that in the case of random mat-
ing. In the latter case all dominant genes are ultimately eliminated in a
large population, and most in a small one. With self-fertilization no selec-
tive elimination occurs after F,, and the average number of genes for

2k (4% — 36-1)

which a homozygote in the final population is dominant is FTRETY

b

k 3t
or —2—<1—4k 3k>. The multiple dominant phenotype will thus reap-

pear if crossbreeding commences in this heterogeneous population.

ELIMINATION OF MULTIPLE RECESSIVES; SELF-FERTILIZATION

This case is of some practical importance in allopolyploid plants such as
wheat. As in the last case but one we can imagine selection postponed
either until F,_, or F, without altering the final result. The complete
P._; would have consisted of
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3—21-7)A44, 22r4a, (3—2'"")aaq,

and so on for the other k —1 genes, the total multiple recessives removed
up to Fu_, being therefore (3 —2'=¥). The additional multiple recessives
removed from F, would therefore be (3 —272)k— (1 —21-2)k taken from a
population of 1~ (3 —2!=)k of the original total. Thus the proportion of
recessives appearing in F, is

% — 2—n)k —_ % _ 21—n)k

1 G- 2
(Zn——l — l)k — (Zn—l — Z)k
Qnk __ (2n—1 . 2)1{

Ru=

(6.1)

For large values of n this approximates to 2'~>*k. Table 1 gives the value
of 100 R,, the percentage of multiple recessives, for F, to Fyp for k =2 and
3, the practically important cases.

TABLE 1

Percentages of multiple recessives in Fy, recessives eliminated by selfing.

n 2 3 4 5 ] 7
k=2,100R,  6.25 8.3 5.90 3.502 1.909 0.9968
k=3,100R, 1.5625  3.770 3.213 2.102 1.187 0.6374

n 8 9 10
k=2,100R,  0.5005  0.2435  0.1295
k=3100R, 0.3112  0.1640  0.08308

Asin the last case, selection does not lead to a homogeneous population.
It ceases in any line as soon as any single recessive gene is eliminated. The
average number of dominant genes in a homozygote of the final popula-

k
tion is PRy instead of k in the case of random mating. But of course

the elimination of the multiple recessives is greatly speeded up by selfing.

SELECTION OF DOMINANTS IN AN AUTOTETRAPLOID:. SELF-FERTILIZATION

Harpane (1930) has shown that in a self-fertilized autotetraploid F,,
where F, is a hybrid between two homozygotes, the proportion of reces-
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Hence, as above, the proportion appearing in F, when recessives are elimi-

nated in each generation is
I'n—In

R, =
1 —Tn-

Hence
5(7.5»3-1)

T 6(6n147.573 1)
7.50-2

(7.1)

n

1
and when n is very large it approximates to or 3 of the total

proportion of heterozygotes in an unselected F, .

SELECTION OF A SINGLE DOMINANT, BROTHER-SISTER MATING

Before we can proceed to consider the selection of a multiple dominant,
this problem, which so far as I know has never been fully treated, must be
solved. Since aa zygotes are not allowed to breed, there are only three
types of mating. Let these occur among the parents of F, in the propor-
tions x,AA4A XAA, ynAAXAa (and reciprocally) and z,AaXAda, where
Xa+Ya+2za=1. Then the proportion of dominants in F, is d,=1—3z..
Only 3/4 of the offspring of the 4a X 4a matings are allowed to breed.
Hence the contribution of these matings to the next generation is

i<1AA><AA+4AA><A +4A xA)
4\'9 9 prgaands

or
144 XAA, L4 X Aa, L daxda.
12 3 3
Hence:—
1 1
Xu+ Zyn +E Zn
Xny1 = d.
. a1 (5.1%
da
Zny1 =—Ln +%Zn y
d.
Putting z, =4 —4d, we find
1 4 4
7}% +3— - ?dn

Yn-H. =

da



